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1. Introduction

The double-baffled, coaxial transmission lineis defined by inner and outer radii, and an arc length,
and can be conformal to curved surfaces and cylindrical structures. This note describes the
propagating modes of a coaxial waveguide transmission line with two baffles, with propagation
assumed in the z-direction. First, the characteristic equations that define the cut off frequencies of
each mode are derived, then the electric fields are explicitly expressed. Finaly, an example
geometry is defined for which the lowest TE and TM mode cutoff frequencies are computed and
graphs of the normalized field components are presented.

2. Geometry

The geometry of the double-baffled, coaxial waveguide transmission line is shown in Figure 1.

Note that the arc between the baffles has an angular extensionof j =j .

3.  Wave Equation

The natural coordinate system for the coaxial waveguide transmission line with two bafflesis the
cylindrical coordinate system. The scalar Helmholtz wave equation in cylindrical coordinatesis

11=y (.90, 1ﬂ%/(r1 2) ‘lﬁ/(r
ror g fIr gr N’

s ST I C)

Using standard separation of variable techniques the wave equation can be written as

r 9 d ae dR(r)o gk,r - UR( )= 0 (2a)
j )+n’*F()=0 (2b)
d—ZZ(z) +k?Z(2)=0 (20)

dz?

wherely (r ,j ,2)=R(r)F(j) Z 2, and k7 + k7 = k*
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Figurel. The geometry of the double-baffled cylindrical coaxial waveguide: (a) 3-D
per spective drawing; (b) plane view o the xy-plane; and (c) plane view of the

xz-plane.



4. Boundary Conditions

The boundary conditionsfor the coaxial waveguide transmission line with two baffles are:

E, =0forj =0,andj =j, (3a)
E =0forr =r,,andr =r, (3b)
E,=0forr =r,,andr =r,,andj =0,andj =j . (3¢)

5. Solution of the Separated Wave Equation
The F(j ) and Z(z) equations are harmonic equations with harmonic functions as sol utions; these

will be denoted h(rj ) and h(k,2) .

The equation in R(r ) isaBessel equation, and has Bessel function solutions:
J, (k. r ) = the Besseal function of thefirst kind of order n
N, (k, r) = the Bessel function of the second kind of order n
H®(k, r) = the Hankel function of the first kind of order n

H?(k, r) = the Hankel function of the second kind of order n

Let the function B, (k. r) represent the linearly independent combination of two of the above.

Then, the general solution to the scalar Helmholtz wave equationiis:
Yk nk, = By (k. 1)h(nj )h(k,2) 4)

6. TE;and TM, Field Components

The electric and magnetic field components can be written in terms of fieldsthat are TE, and TM,.

6.1 TM, Field Components

The TM, field components are found by letting A =uy , where A = the magnetic vector

potential, and u, = unit vector in the z-direction. Then

E=- jwA +iN(N xA), (5a)
wne

andH==R"A. (5b)

3+



When expanded in cylindrical coordinates these equations become:

11
o1 Ty (63 =11l (6d)
jwre 1r 1z mr ]
: :Llﬂ (6b) H, =- 11y (6e)
jwer 7 1z m r
H,=0 (6f)

) .
E =l 4K’y (69
jwire 9z g
6.2 TE; Field Components
The TE; field components are found by letting F =uy , where F = the electric vector potential,

and u, = unit vector in the z-direction. Then

E=-IR° F, (7a)
e
. 1 -
H=- jwF +- NN >F) . (7b)
nme
When expanded in cylindrical coordinates these TE, field equations become:
11
E =- __ﬂ__y (8a) H, :Lﬂ (8d)
er 9j jwire qr 9z
1
=11 (8b) e L 1T 89)
e fr wrer ¥ Tz
E,=0 8c 2 0
: (8c) S Y AR

z

jwrre g92° i

7. Solution of the Separated Wave Equation Subject to the
Boundary Conditions of the Generalized Geometry
Propagating waves in the z-direction in the double-baffled coaxial waveguide giveriseto
h(k,z)=¢e'** ©)]
The harmonic function h(rj ) can bewritten as

h(nj ) =a,sin(ry ) + heos(n ) (10



Note that n isnot necessarily an integer. The scalar wave function isthen
y ko n.k, = Bn (krr )h(nJ )e> 1k (11)
subject to the boundary conditions. The solutionsfor the TE, and TM, modes in the guide are as

follows.

7.1 TM, Field Components

The TM,, dlectric field components in terms of the wave function are

e, = M) peic g e v (122)
jwne
g =CIIO L g g e (120)
jwme r
E, =——(k?- k) B, ( 1 )h(ri ) ** (120)
jwire
Since
E,=0forr =r,,andr =r,,andj =0, andj =j ,;
then
hT ) | -or, = (8, SN ) + Beos(r} ))} oy, = 0
issatisfied if
a,=1,0=0,n="2 andm=1,23K . (13)
Jo
Note that
d
Bk r)= kr).
H6 )= gy Bk )

The general Bessel function, B, (k, r ), also satisfiesthe boundary conditionsif
B.(k 1)l ~,,,=0

Let
B.(kr)=a,Jd,(k r)+b,N, (k. r).

Then
an‘]n(kr r )+ bnNn(krr )lr:rl,r2 =0
a,J,(k ry) +b,N, (k. ry) =0
a1-|‘]n(kr r 2)+bnNn (kr r 2) :0

5



Solving thefirst equation for a, gives

N, (k. ry)
8, =b, = (14)
Jp (k. ry)
Substitution into the second equation yields:
Nn(krrl)
an‘]n(krr2)+bnNn(krr2):_bn—‘]n(krr2)+anNn(krr2):01
Jn(ke )
and rearranging terms gives
n(kr 1) O
B gN, (K 1)~ g (k1 ;) 2=0
g k) g

For specific valuesof n, r, and r ,, thevaluesof k. that solve

Ny(k r,) _N{kTy)

= (15
‘]n(krrZ) ‘]n(krrl)
are the sought after mode numbersthat are true for any non-zero value of b, . Hence,
N, (K r
h1 :l and aq - ( _n\"™™ "1/ 1)
Jalk ry)
Finally, the scalar wave function for the TM, modesis:
é N, (k r a .
Y, = &Ny (K 1) - MJH(K Pyasnni e ¥ for n= 2 m=123K , and k2 + k? = k2.
"8 Jp (k1) f io

The convention for the zeros of the Characteristic Equation is p= p,, p,, B.K , wherethe p, is

thefirst zero solution, p, is the second solution (with increasing numerical value, and so forth).

The TM_ field components are then found explicitly as:

E KK e ) SNGK r) N”(krrl)Jgﬁ(kr)qe‘j“ (163)
r = (SR QY I ra— r U
wne é ‘Jn(krrl) g
N (k o ,
E =- kn 18 =eN,(k r)- MJn(k,r)ucos(nj ek (16b)
wne r g J.(kr) g
26 a |
£, =X KN k- 2T 5 g e (160
e § 30y
K u |
H, =13 Ny )- T 5 oot e 1 (160)
mr J.(kry) g



kf é Nn(kr rl) u H : -
Ho=- —aNg(K 1 )- ————2 30k, r )gsin(rj )e''*? (16e)
! mé ‘]n(kr rl) E
H. =0 (16f)

7.2 TE; Field Component

The TE, electric field components in terms of the wave function are:
E =- 118,k )= )e ¥ (174)
er dj

E =29 B (kr)h()e s (17b)
edr

E =0 (170)

Since
E, =0forj =0,andj =j,
E =Oforr =r,,andr =r,
then
d . _d o .
Eh(m ) <oi, —?(an sin(nj )+ Bcos( )| o,
=n(a, cos(ny )- Rsin(nj ))| -, ,=0
issatisfied if

a,=0,h =1, n=—2, andm=1,2,3K . (18)
j

0

The general Bessel function, B, (k, r ), also satisfies the boundary conditionsif
d
—B,(kr)|-. ,=0
Bk )l

Let
B.(k r)=a,J,(k r)+b,N,(k r),

then
d
rrrn CSNCEDREN MUAD ISy

an‘]nq(kr I‘l) +bnqukr rl) = O
an‘]rg.(kr r 2)+bnNn¢(kr r 2) = O



Solving thefirst equation for a, gives

Nk
-, Nk ), (19
‘]n¢(krr1)
Substitution into the second equation yields:
— ﬁkr l) —
a,Jqk r,) +b,NRk 1) =-b, ———JKk r,) +b,NKk r,) =0.
IOk 1)
Rearranging terms gives
N&K; 1) 0
b NOK 1)+~ gtk r ) 2=0
g TE) 5

For specific valuesof n, r, and r ,, thevaluesof k. that solve

NKk r,) _Ngkr)

= 20
Ik, 38k T) @0
are the sought after mode numbersthat are true for any non-zero value of b, . Hence,
N#Kk, r
h1 :1 and an - q _n\Vy T 1/ 1)
IRk )
Finally, the scalar wave function for the TE, modesiis:
é Nk, r u _
Yo me =8Ny (k 1)- MJH(Kr)acos(nj e ¥ for n= 22 m=123K andk?+k?= k2.
@ IRk 1) b io

Again, the convention for the zeros of the TE Characteristic Equation is p= p,, p,, p;,K , where
the p, isthefirst solution, p, is the second solution (with increasing numerical value, and so

forth. The TE, field components are then found explicitly as:

é N &k u ,
E :EiéNn(krr) Ak r) ———=J,(k r)gsin(n )e ¥ (218)
er e ‘]gkrrl) Q
k é N&k r,) u S
E =—aN®Kk r)- ———=JHK, r ) Iz 21b
: eg Uk 1) CER) X rr)aCOS(rl )e (21b)
E,=0 (21¢)
NWK,r,) u -
H k ™ _mr 1y k N jkz 21d
= wme Q( r)- Jakry) « rr)ECOS(nJ )€ (21d)
é NGk u .
T ﬂéNn(krr)-MJn(krr)OSin(nj e (21¢)
wher g JUK, 1) ¢

8



o= & or)- KD 5 0 yosti e (21f)
T W) g

Note that the Characteristic Equations for the TE and TM mode are similar, but not exact, to the
formsgivenin[Ref. 2]. Thereason for the differencesis at thistime unknown.

8. Example

Determine the first few cutoff frequencies of the TE and TM modes of a Double-baffled,
Cylindrical, Coaxiad Waveguide defined by the parameters: r,=5in=0.127m,
r,=6in=0.1524m andj ,=2p /3.

The cutoff frequencies for thefirst few the TE and TM modes have been computed and are
presented in Table 1 and Table 2 below.

Tablel. Cutoff frequencies (GHz) of the TE modes of a double-baffled, coaxial
waveguide(r, =5in=0.127m, r , =6in=0.1524m and j , =2p /3).

M/p 1 2 3
1 0.513006 5.93146 11.8179
2 1.02589 5.99859 11.8516
3 1.53851 6.10889 11.9074

Table?2.

waveguide (r, =5in=0.127 m,r , =6in=0.1524m and j , =2p /3).

Cutoff frequencies (GHZz) of the TM modes of a double-baffled, coaxial

M/p 1 2 3
5.92129 11.8129 17.7111
5.98762 11.8464 17.7335
6.09656 11.9021 17.7707

The characteristic equations for the TE;; and TMy; cases are plotted in Figure 2a and c. The
characteristic equation for the TEy, mode is plotted in Figure 2b showing the first 3 roots that
characterize the first 3 modes. Note that the radial gap between the conductorsis 1-inch, about %2
of the freespace wavelength of the I TM cutoff frequency. And the median arc length between



the inner and outer radii is 11.52 inches, about ¥ of the freespace wavelength of the 1% TE cutoff

frequency.
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Figure2. Plots of the Characteristic Equation for the double-baffled, coaxial waveguide
transmission line (n = 1): (a) TE;1 mode; (b) TEy,, for p=1,2,3 modes; and
(c) TM1; mode.

Plot the electric field components over a cross section of the guide at afrequency that is 1.2 times
the cutoff frequency of the lowest mode. For m=1,

:E:L:ls
jo I3
For the TM 1; mode, f, =5.921GHz. For m=1,
:E:L:l5
jo I3

For the TE;; mode, f, =513.00MHz.
Then, compute thefield distributionsat f =1.2" f, =1.2" 513.00=615.6 MHz and
f =1.2" f, =1.2" 5.921=7.105 GHz.

The wavelength at the operating frequency of the guide for the TE;; mode, f =615.6 MHz, in the

axial direction of theguide, | ;, isdefined as

¢ k, 7.13159

r4

where k, :,/kz - k* . Thewavelength at the operating frequency of the guide for the TM 1; mode,

f =7.105 GHz, intheaxial direction of theguide, | ,,is

Normalized distributions of the electric field components of the TE;; mode of the double-baffled
coaxia waveguidefor r, =5in=0.127m, r , =6in=0.1524m, j ,=2p /3, and f =615.6 MHz
are shown in Figure 3. Normalized distributions of the magnetic field components are shown in

Figure 4. Since J,=n" H, we can plot the current density on the interior surfaces of the

waveguide. Shown in Figure 5 is a vector plot of the current density of the TE;; mode at
f =615.6 MHzonther =r,, 0<j <j ,=2p /3 surface.

1



Normalized distributions of the electric field components of the TM ;; mode of the double-baffled
coaxial waveguide for r, =5in=0.127m, r, =6.0in=0.1524m, j ,=2p /3, and f =7.105

GHz are shown in Figure 6.
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Figure4.
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Figure5.

Normalized distributions of the magnetic field components of the TE;; mode of

the double-baffled coaxial waveguide(r,=5in, r ,=6.0in,j ,=2p /3, and

f =615.6 MHz): (a) H,; (b) H; ; and (c) H,.
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Figure®6. Normalized distributions of the electric field components of the TM;; mode of
the double-baffled coaxial waveguide(r,=5in, r,=6in,j ,=2p /3, and

f =7.105 GH2): (@) E, ; (b) E ; and (c) E,.

Contour and 3D projection graphs of the normalized distributions of the electric field components
of the TM11 modes of the double-baffled coaxia waveguide for r,=5in=0.127 m,

r,=60in=0.1524m,j ,=2p /3, and f =7.105 GHz) are shown in Figure 7. Likewise, plots

of the normalized distributions of the electric field components of the TE;; mode of the double-
baffled coaxial waveguide are shown in Figure 8for f =615.6 MHz

Finally, the form of the next higher order modeis of interest. Referring to Table 1, the next
propagating mode isthe TEx mode, with a cutoff frequency of f, =1.02589GHz. The non-zero

electricfields at (r 1+ 2)/2, asafunction of j are plotted in Figure 9.

9. Conclusion

Thisreport derives expressions for waveguide modes and cutoff frequencies of the double-baffled,
coaxial transmission line. Example computations are also shown. The derived expressions are
useful for the design of antenna and transmission line structures that are conformal to curved and
cylindrical surfaces.

14



Figure?. Normalized distributions of electric field components of TM;; mode of double-
baffled coaxial waveguide (r,=5in=0.127m, r , =6.0in=0.1524m, j , =2p /3, and

f =7105 GHz): (@ E ;(b)E ;and (c) E,.
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Ez=0 Ez=0

Figure8. Normalized distributions of electric field components of TE;; mode of double-
baffled coaxial waveguide (r,=5in=0.127m, r,=6.0in=0.1524m,

jo=2p/3,and f =0.6156 GHz): (a) E, ; (b) E; ; and () E,.
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Figure9. Normalized distributions of the electric field components of the TE,; mode of

the double-baffled coaxial waveguide(r,=5in, r ,=6.0in,j ,=2p /3, and

f =13 MH2): (a) E ;and (b) E . E, =0.
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